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Abstract
We show that multi-trace interactions can be consistently incorporated into
an extended AdS/CFT prescription involving the inclusion of generalized bound-
ary conditions and a modified Legendre transform prescription. We find new and
consistent results by considering a self-contained formulation which relates the
quantization of the bulk theory to the AdS/CFT correspondence and the pertur-
bation at the boundary by double-trace interactions. We show that there exist
particular double-trace perturbations for which irregular modes are allowed to
propagate as well as the regular ones. We perform a detailed analysis of many dif-
ferent possible situations, for both minimally and non-minimally coupled cases.
In all situations, we make use of a new constraint which is found by requiring
consistency. In the particular non-minimally coupled case, the natural extension
of the Gibbons-Hawking surface term is generated.
PACS numbers: 11.10.Kk 04.62.+v
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1 Introduction
In recent papers [1][2], the interest on the role of multi-trace interactions in the
AdS/CFT correspondence [3] has been revived by introducing the proposal that, to
deform the boundary CFT by double-trace operators, gives rise to a new perturbation
expansion for string theory which is based on a non-local worldsheet.
In the AdS/CFT picture, multi-trace operators in the boundary CFT are under-
stood as multi-particle states in AdS (see, for example, [4][5]), and this raises the
question of how to place a boundary condition on a multi-particle state and perform
explicit calculations in the context of the AdS/CFT correspondence.
A solution to this problem came with the proposal in [6][7] that multi-trace op-
erators can be incorporated by generalizing the usual Dirichlet prescription which is
considered in the case of single-trace operators. Such prescription reads [8][9]
exp (−IAdS[φ0]) ≡
〈
exp
(∫
ddx O(~x) φ0(~x)
)〉
, (1)
where d+1 is the dimension of the AdS bulk, and φ0 is the boundary value of the bulk
field φ which couples to the boundary CFT operator O.
The perturbation of the boundary CFT by multi-trace operators can be written
schematically as
IQFT [O] = ICFT [O] +
∫
ddx W [O] , (2)
where W [O] is an arbitrary function of O. In the particular case of a double-trace
perturbation of the form
W [O] = β
2
O2 , (3)
where O has conformal dimension ∆ = d/2, it has been shown in [6] that a generalized
boundary condition gives rise to the correct renormalization formula for the coupling
β.
The purpose of this paper is to introduce a further development of the proposal
in [6][7] by considering a generalized AdS/CFT prescription in which multi-trace in-
teractions can be consistently incorporated. More specifically, we aim at showing that
the recent proposal in [10] for a generalized AdS/CFT prescription which makes use of
generalized boundary conditions provides a natural frame for consistently describing
multi-trace operators in the AdS/CFT correspondence. For the sake of simplicity, we
will concentrate on the particular case of double-trace interactions, for which we will
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relate the coupling coefficient to specific boundary conditions on the scalar field, or
equivalently, to the addition of specific boundary terms to the usual bulk action. We
will also interpret our results in terms of the energy of the theory in the bulk and the
constraints which arise when performing its quantization. In addition, we will extend
the formulation to the non-minimally coupled case.
In considering the quantization of the scalar field theory on AdS, it has been shown
in [11][12][13] that there exist particular constraints on the mass and the coupling
coefficient to the metric for which two different asymptotic behaviors of the field make
the energy to be conserved, positive and finite. Such asymptotic behaviors are of the
form
φR ∼ ǫ∆+ , φI ∼ ǫ∆− , (4)
where φR and φI stand for ‘regular’ and ‘irregular’ modes, ǫ is a measure of the distance
to the boundary which is considered to be small, and
∆± =
d
2
± ν , (5)
where
ν =
√
d2
4
+ M2 . (6)
Here M is the effective mass of the scalar field, and in the non-minimally coupled case
it is given by
M2 = m2 + ̺R , (7)
where R is the Ricci scalar of the metric (which is a negative constant) and ̺ is the
coupling coefficient. In the minimally coupled case ̺ = 0, the equation above reduces
to M = m.
Since there exist two possible quantizations of the theory on the bulk, we expect
that there must exist two different boundary CFT’s. However, it has been pointed out
in [14] that the usual Dirichlet prescription Eq.(1) can only account for one of them,
namely, the one with conformal dimension ∆+, which corresponds to regular modes
propagating in the bulk. In order to also account for the missing conformal dimension
∆−, the proposal in [14] is that its generating functional is the Legendre transform of
the one which gives rise to the conformal dimension ∆+. It was explicitly shown in
[14] that in fact this prescription gives rise to the missing conformal dimension ∆−.
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Later, it was shown in [10] that there were still some problems which needed to be
considered. One of them is the fact that the usual AdS/CFT prescription is unable to
reproduce the constraints in ̺ and ν for which the energy in [11][12][13] is conserved,
positive and finite for irregular modes propagating in the bulk. The second problem
is that the usual Legendre transform prescription leaves a coefficient to be fixed ‘by
hand’. And the last problem regarding the usual Legendre transform is that it does
not work for some particular values of ν.
Then, the proposal in [10] was to consider a generalized formalism which involves
modifications both in the bulk quantization and in the AdS/CFT prescription. From
the bulk point of view, it was suggested in [10] that the natural energy to be considered
in the AdS/CFT correspondence context is the ‘canonical’ energy which is constructed
out of the Noether current corresponding to time translations, rather than the ‘metrical’
one which is constructed through the stress-energy tensor, as in [11][12][13]. The reason
for considering the canonical energy is that, unlike the metrical one, it is sensitive to the
addition of boundary terms to the action, as it happens to the AdS/CFT prescription
Eq.(1).
Finally, from the AdS/CFT correspondence point of view, the proposal in [10] was
to consider a generalized AdS/CFT prescription of the form (see also [15] for previous
results)
exp (−IAdS [f0]) ≡
〈
exp
(∫
ddx O(~x) f0(~x)
)〉
, (8)
where, unlike the usual prescription Eq.(1), we make use of a generalized source f0
which depends on the boundary conditions.1 The formulation in [10] makes use of
Dirichlet, Neumann and mixed boundary conditions on the scalar field in both the
minimally and non-minimally coupled cases. In addition, it involves a generalized
Legendre transform prescription of the form
I˜AdS[f0, f˜0] = IAdS[f0] −
∫
ddx f0 (~x) f˜0 (~x) , (9)
which differs from the usual one in [14] by the fact that it involves the whole on-
shell action rather than only the leading non-local term. It was shown in [10] that
the divergent local terms of the action contain information about the transformed
1Note that the addition of boundary terms to the action changes the boundary conditions under
which the action is stationary, and on the other hand it also changes the generating functional for
the boundary CFT. This is the reason why considering generalized boundary conditions as in Eq.(8)
involves more information than making use of the usual prescription Eq.(1).
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generating functional, and then they have to be taken into account. In addition, the
prescription above leaves no coefficient to be fixed ‘by hand’. After performing the
Legendre transformation, the transformed boundary CFT can be determined from the
prescription
exp
(
−I˜AdS [f˜0]
)
≡
〈
exp
(∫
ddx O˜(~x) f˜0(~x)
)〉
. (10)
It was shown in [10] that this generalized Legendre transform prescription removes
all problems mentioned above regarding the usual prescription. In addition, the key
result in [10] has been to show that the generalized prescription Eqs.(8-10) gives rise
to precisely the same constraints on ̺ and ν for which irregular modes propagate in
the bulk when the quantization is performed by making use of the canonical energy
rather than the metrical one.
One of the purposes of this paper is to show that the introduction of double-trace
perturbations at the boundary CFT can be understood in terms of the formulation in
[10]. This would be a powerful result for many reasons. The first one is that it would
lead in a natural way to a generalized AdS/CFT prescription in which multi-trace
interactions can be consistently incorporated.
The second reason is that it would enable us to relate the coupling coefficient of
the double-trace perturbation to specific boundary conditions on the bulk field, or
equivalently, to the addition of specific boundary terms to the action. In particular, we
will show that there exist particular couplings which require to consider new boundary
conditions that have not been analyzed in [10]. In this article, we will also perform a
detailed analysis of such new boundary conditions. In all cases, we will find the explicit
form of the coupling coefficients and the surface terms.
The third reason is that to consider double-trace operators in terms of the formu-
lation in [10] let us to relate the corresponding coupling coefficients to the constraints
on ̺ and ν for which irregular modes propagate in the bulk when the canonical energy
is employed instead of the metrical one. In particular, we will show that, when such
constraints are satisfied, the couplings of the double-trace perturbations diverge. This
result is consistent with the statement in [6] that, as the coupling grows, the system
approaches the condition that is suitable for quantization to get a field of dimension
∆−. It is also important to point out that, in this formulation, the canonical energy in
the bulk depends on the boundary multi-trace perturbations.
And the last reason why it is useful to analyze double-trace operators in terms of the
formulation in [10] is that it let us to extend, in a natural way, the formulation of double-
trace perturbations to the non-minimally coupled case. In particular, an interesting
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result that we will find is that the introduction of a double-trace perturbation at the
boundary generates the natural extension of the Gibbons-Hawking surface term [16]
which is added to the Einstein-Hilbert action in order to have a well-defined variational
principle under variations of the metric.
We also aim at connecting to the recently proposed formulation in [17] for an
improved correspondence formula which gives correct boundary field theory correlators
for multi-trace perturbations. In particular, the key observation in [6][17] is that the
conformal operator O is to be identified with the Legendre transformed field φ˜0. In this
paper, we claim that, in order to map to the boundary all the information contained
in the bulk, we also need to identify, in the transformed formulation, the conjugated
operator O˜ with the field φ0. In particular, we will show that to require consistency
imposes a precise constraint between the couplings of the double-trace perturbations
corresponding to the conformal operators O and O˜. Another difference with respect
to the formulation in [17] is that, in this work, we consider that the coupling of the
double-trace perturbation depends on the distance to the boundary. We will show that
this is needed for consistency. In particular, a result that we will find is that when the
constraints for which irregular modes are allowed to propagate in the bulk are satisfied,
the couplings of the double-trace perturbations corresponding to the operators O and
O˜ have different asymptotic behaviors. A final thing to be mentioned is that, in this
paper, we will consider the full functionals containing all local and non-local terms,
unlike the formalism in [17] which considers only the leading non-local term. We
make so because the divergent local terms contain information about the transformed
generating functional, and then they have to be taken into account [10].
The paper is organized as follows. In section 2, we revisit the formulation in [17]
and claim that, in order to map to the boundary all the information contained in
the bulk, we also need to identify, in the transformed formulation, the conjugated
operator O˜ with the field φ0. We find the explicit form of the generating functionals
for the boundary CFT’s in terms of the couplings of the double-trace perturbations
corresponding to the operators O and O˜. We also show that the requirement for
consistency imposes a constraint between such couplings. In section 3, we analyze
the precise way in which the introduction of double-trace perturbations changes the
boundary conditions on the field by adding surface terms to the action, and extend
the formulation to the non-minimally coupled case. In this situation, we will show
that the introduction of double-trace perturbations generates the natural extension
of the Gibbons-Hawking term. We also show how double-trace perturbations can be
understood in terms of the generalized AdS/CFT prescription and the new quantization
in the bulk as developed in [10]. In addition, an interesting result that we will find is
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that irregular modes are allowed to propagate precisely when the asymptotic behaviors
of the couplings of the double-trace perturbations corresponding to the operators O
and O˜ are different. In this situation, the coupling corresponding to the operator of
conformal dimension ∆+ diverges. We also show that a complete formulation requires
the inclusion of new boundary conditions which have not been considered in [10]. We
perform a detailed analysis of such new boundary conditions. Finally, section 4 contains
our conclusions.
2 Double-Trace Operators and AdS/CFT
Throughout this paper, we work in the Euclidean representation of the AdSd+1 in
Poincare´ coordinates, described by the half space x0 > 0, xi ∈ R with metric
ds2 =
1
x20
d∑
µ=0
dxµdxµ, (11)
where we have fixed the radius of AdSd+1 equal to one. We consider the space as
foliated by a family of surfaces x0 = ǫ homeomorphic to the boundary at x0 = 0. The
corresponding outward pointing unit normal vector is
nµ =
(
−ǫ−1, 0
)
. (12)
The limit ǫ→ 0 is to be taken only at the end of calculations [18].
The usual action for the massive scalar field reads
I0 =
1
2
∫
dd+1x
√
g
(
gµν∂µφ ∂νφ + M
2φ2
)
. (13)
Performing an infinitesimal variation of the scalar field φ → φ + δφ, the action above
transforms as
δI0 =
∫
ddx
√
h ∂nφǫ δφǫ , (14)
where hµν is the induced metric at the surface x0 = ǫ, φǫ is the value of the field at
x0 = ǫ and ∂nφ is the Lie derivative of φ along nµ. It is given by
∂nφ = n
µ∂µφ . (15)
Note that, in Eq.(14), the absence of a bulk contribution is due to the equation of
motion
6
∇2φ−M2φ = 0 . (16)
The variation Eq.(14) shows that the action I0 is stationary for a Dirichlet boundary
condition which fixes the value of the scalar field φ at x0 = ǫ, namely
δφǫ = 0 . (17)
Integrating by parts and making use of the equation of motion, the action Eq.(13) can
be written as the following pure-surface term
I0 =
1
2
∫
ddx
√
h φǫ ∂nφǫ . (18)
The next step involves to solve the equation of motion and write ∂nφǫ in terms of the
boundary data φǫ. This procedure has been carried out in [18][19], where the final result
was expanded in powers of the distance to the boundary in order to select the leading
non-local term, which is understood as the generating functional for the boundary CFT
[8]. However, the divergent local terms of the action contain information about the
Legendre transformed generating functional [10], and then we need to take them into
account. This means that, instead of the leading non-local term, we will make use of
the full action containing all local and non-local terms. It reads
I0 [fǫ] = −1
2
∫
ddx ddy
√
h fǫ(~x) fǫ(~y)
∫ ddk
(2π)d
e−i
~k·(~x−~y) F (kǫ) , (19)
where fǫ(~x) is the source which couples to the boundary conformal operator through
the prescription Eq.(1), ~x = (x1, ..., xd), k =| ~k | and
F (kǫ) =
d
2
+ ν − kǫ Kν+1(kǫ)
Kν(kǫ)
. (20)
Here Kν is the modified Bessel function.
The action Eq.(19) is only one of the two functionals which contain the information
about the boundary CFT’s. The another one is obtained by performing the Legen-
dre transformation Eq.(9), which gives rise to the following transformed functional
containing all local and non-local terms [10]
I˜0
[
f˜ǫ
]
=
1
2
∫
ddx ddy
√
h f˜ǫ(~x) f˜ǫ(~y)
∫ ddk
(2π)d
e−i
~k·(~x−~y) 1
F (kǫ)
. (21)
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Both functionals I0 and I˜0 are needed in order to map to the boundary all the in-
formation contained in the bulk. Each one of the sources fǫ and f˜ǫ will couple, after
performing the limit ǫ→ 0 in a proper way and through the prescriptions Eqs.(8, 10),
to the corresponding boundary conformal operator.
The important result in [6][17] is that the transformed source f˜0 can be identified
with the conformal operator O. In order to do this, we transform back the functional
I˜0
[
f˜ǫ
]
and find
I0 =
∫
ddx ddy
√
h
∫
ddk
(2π)d
e−i
~k·(~x−~y)
[
1
2
1
F (kǫ)
f˜ǫ(~x) f˜ǫ(~y) + fǫ(~x) f˜ǫ(~y)
]
. (22)
Now we will analyze the way in which the results above are affected by perturbing at
the boundary with a double-trace operator of the form
W [O] = β
2
O2 , (23)
where β is the coupling coefficient. Following [6][17], the next step is to identify O
with f˜0. This would give
W [f˜0] =
β
2
f˜ 20 . (24)
However, it is important to note that the limit ǫ → 0 is to be taken only at the very
end of calculations [18].2 This means that, instead of the equation above, we must
consider
Wǫ[f˜ǫ] =
β(ǫ)
2
f˜ 2ǫ , (25)
where we have replaced f˜0 with f˜ǫ. Note that there is still another important differ-
ence between Eqs.(24, 25), namely, that we have also introduced a dependence of the
coupling β on the distance to the boundary ǫ. We will show that this is needed for
consistency.
2This acquires a new importance in the light of the result in [10] that the divergent local terms of
the action contain information about the transformed generating functional. To take the limit ǫ→ 0
at this early stage would imply losing information.
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From the considerations above, we write the perturbed functional as
I =
∫
ddx ddy
√
h
∫ ddk
(2π)d
e−i
~k·(~x−~y)
[
1
2
(
1
F (kǫ)
+ β(kǫ)
)
f˜ǫ(~x) f˜ǫ(~y) + fǫ(~x) f˜ǫ(~y)
]
,
(26)
which for β = 0 reduces to Eq.(22). The expression above is to be contrasted with
the one in [17]. There are two important differences, namely, that β depends on ǫ,
and that F (kǫ) contains all local and non-local terms, rather than only the leading
non-local term.3
Setting ∂I
∂f˜ǫ
= 0 we get
f˜ǫ = − F (kǫ)
1 + β(kǫ)F (kǫ)
fǫ , (27)
and introducing this into Eq.(26) we find
I [fǫ] = −1
2
∫
ddx ddy
√
h fǫ(~x) fǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) F (kǫ)
1 + β(kǫ)F (kǫ)
. (28)
Comparison with Eq.(19) shows that the double-trace perturbation Eq.(23) has intro-
duced the replacement
F (kǫ) −→ F (kǫ)
1 + β(kǫ)F (kǫ)
. (29)
In the next section, we will show that this can be understood as a modification of the
boundary conditions on the field, or equivalently, as the addition of a surface term to
the action Eq.(13). We will also show how to extend the formulation to the case of a
scalar field non-minimally coupled to the metric.
It has been stated in [17] that the formulation above applies to both regular and
irregular modes propagating in the bulk. However, the formulation remains incomplete,
because so far we have only considered a perturbation in the conformal operator O (see
Eq.(23)). We still need to consider a perturbation in the conjugated operator O˜, and
we will show that the requirement for consistency imposes a precise constraint between
both perturbations.
3The formulation in [17] makes use, instead of F (kǫ), of the conformal Green function G(k) =
−Γ(1−ν)Γ(1+ν)
(
k
2
)2ν
, which involves a procedure in which the Legendre transformation is performed after
having selected the leading non-local term, rather than following the opposite way as in [10].
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Note that, in the transformed situation, we identify f0 with the conjugated operator
O˜. In order to do this, we perform a Legendre transform in Eq.(19) and get
I˜0 = −
∫
ddx ddy
√
h
∫
ddk
(2π)d
e−i
~k·(~x−~y)
[
1
2
F (kǫ) fǫ(~x) fǫ(~y) + f˜ǫ(~x) fǫ(~y)
]
. (30)
We introduce the following double-trace perturbation in O˜
W˜ [O˜] = β˜
2
O˜2 , (31)
and, identifying f0 with the conjugated operator O˜, we write the perturbed functional
as
I˜ = −
∫
ddx ddy
√
h
∫
ddk
(2π)d
e−i
~k·(~x−~y)
[
1
2
(
F (kǫ)− β˜(kǫ)
)
fǫ(~x) fǫ(~y) + f˜ǫ(~x) fǫ(~y)
]
.
(32)
Note that, as we have done with the coupling β, we have introduced a dependence of
β˜ on ǫ. Setting ∂I˜
∂fǫ
= 0 we get
fǫ = − 1
F (kǫ)− β˜(kǫ) f˜ǫ , (33)
and introducing this into Eq.(32) we find
I˜
[
f˜ǫ
]
=
1
2
∫
ddx ddy
√
h f˜ǫ(~x) f˜ǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) 1
F (kǫ)− β˜(kǫ) . (34)
There is still one last thing to be considered in order to have a complete and consistent
formulation, and it is to require the expression above to be actually the Legendre
transform of Eq.(28). As anticipated, this will impose a precise constraint between β
and β˜. By Legendre transforming Eq.(28) we find
I˜
[
f˜ǫ
]
=
1
2
∫
ddx ddy
√
h f˜ǫ(~x) f˜ǫ(~y)
∫ ddk
(2π)d
e−i
~k·(~x−~y) 1 + β(kǫ)F (kǫ)
F (kǫ)
. (35)
From Eqs.(34, 35) we find the constraint
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β˜(kǫ) =
β(kǫ)F 2(kǫ)
1 + β(kǫ)F (kǫ)
, (36)
which is required for consistency. Note that both functionals Eqs.(28, 35) are needed
in order to map to the boundary all the information contained in the bulk. The
corresponding boundary CFT’s can be obtained through the prescriptions Eqs.(8, 10).
We emphasize that the functionals Eqs.(28, 35) contain all local and non-local terms,
and that this is needed in order to map to the boundary the constraints that the
quantization imposes in the bulk [10]. This topic will be discussed in the following
section.
So far, we have developed a generic formulation in which the double-trace pertur-
bations at the boundary of AdSd+1 can be consistently incorporated into an extended
AdS/CFT prescription. We still need to understand the precise way in which such per-
turbations change the boundary conditions on the field by adding surface terms to the
action Eq.(13), and to extend the formalism to the non-minimally coupled case. This
is left for the following section, where we will connect the formulation developed so far
to the generalized AdS/CFT prescription in [10], which analyzes the role of boundary
conditions in the AdS/CFT correspondence. We will also relate the previous formalism
to the energy of the theory on the bulk, and to the existence of constraints for which
the irregular modes are allowed to propagate. We will find the explicit expressions of
the couplings, and show that they exhibit very interesting behaviors when irregular
modes are also allowed to propagate.
3 Generalized Boundary Conditions
In this section, we will show that the double-trace perturbations at the boundary
of AdSd+1 can be understood as the introduction of Dirichlet, Neumann and mixed
boundary conditions on the scalar field. We will consider both minimally and non-
minimally coupled cases. We begin by concentrating on the minimally coupled case.
3.1 The Minimally Coupled Case
In this case we set ̺ = 0 in Eq.(7) thus getting ν =
√
d2
4
+m2. It is natural to begin by
analyzing the simplest case in which the coupling β does not depend on the distance
to the boundary. For this purpose, we set
11
β(kǫ) = −2λ , (37)
where λ is a real coefficient. Then, from Eq.(36) we also find
β˜(kǫ) = − 2λF
2(kǫ)
1 − 2λF (kǫ) . (38)
Note, then, that consistency of the formulation requires that at least one of the cou-
plings depends on the distance to the boundary, as anticipated in the previous section.
We will later show that the particular cases for which irregular modes are also allowed
to propagate in the bulk correspond to the situations in which β and β˜ have different
asymptotic behaviors.
Under the identification Eq.(37), the functionals Eqs.(28, 35) read
I [fǫ] = −1
2
∫
ddx ddy
√
h fǫ(~x) fǫ(~y)
∫ ddk
(2π)d
e−i
~k·(~x−~y) F (kǫ)
1− 2λF (kǫ) , (39)
I˜
[
f˜ǫ
]
=
1
2
∫
ddx ddy
√
h f˜ǫ(~x) f˜ǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) 1− 2λF (kǫ)
F (kǫ)
. (40)
The key result is that the functionals above are precisely the ones found in [10] when
considering a boundary condition which fixes at the border the field
φ+ 2λ ∂nφ . (41)
Then, for the particular choice Eq.(37), the double-trace perturbation acts by turning
the usual Dirichlet boundary condition into a mixed one.4 This is also equivalent to
add to the action Eq.(13) a boundary term of the form [10]
I = I0 + λ
∫
ddx
√
h (∂nφǫ)
2 . (42)
Note that, in the particular case λ = 0, we recover the usual Dirichlet boundary
condition. One important point is that for general λ both functionals Eqs.(39, 40)
correspond to the same boundary conformal dimension, namely ∆+. However, in the
particular situation in which both constraints [10]
λ =
1
2∆−
, (43)
4In [10], this particular boundary condition was called as ‘Type II’ mixed boundary condition.
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and
ν < 1 , (44)
are satisfied, the divergent local terms of both functionals Eqs.(39, 40) cancel out.
This fact encodes the information that the Legendre transform interpolates between
different conformal dimensions, namely ∆+ and ∆−. In this situation, the addition of
counterterms is not required. From the bulk point of view, in this case both regular
and irregular modes can propagate, because the canonical energy is conserved, positive
and finite for both of them. When Eq.(43) is satisfied, but Eq.(44) is not, the conformal
dimension ∆− reaches the unitarity bound (d− 2)/2, and becomes independent of the
mass. The unitarity bound is also reached for m = 0. For details, see [10].
We will now show that there exists an interesting relation between the values and
asymptotic behaviors of β and β˜ and the phenomenon of the propagation of irregular
modes in the bulk. Let us first consider the situation in which Eq.(43) is not satisfied.
For simplicity, we concentrate on the case of ν not integer.5 By expanding the Bessel
functions in Eq.(38) in powers of ǫ we find
β˜(kǫ) = − 2λ∆
2
−
1− 2λ∆− + · · · , (45)
where the dots stand for higher order terms in ǫ. Comparison with Eq.(37) shows that
in this case, where only regular modes are allowed to propagate in the bulk, β and β˜
have the same asymptotic behavior, namely, both of them differ from a constant only
on terms which vanish as we approach the boundary. We also note from Eq.(45) that
β˜ diverges as we get closer to the critical value Eq.(43) for which irregular modes are
also allowed to propagate. Note that this result is consistent with the statement in [6]
that, as the coupling grows, the system approaches the condition that is suitable for
quantization to get a field of dimension ∆−.
We finally consider the situation where Eq.(43) is satisfied and irregular modes are
allowed to propagate as well. We expect from the results above that something special
will happen in this particular situation. We will show that, in fact, in this case β
and β˜ have different asymptotic behaviors, and the last one diverges as we approach
the boundary. We have to consider separately the cases where Eq.(44) is, or not, also
satisfied. Expanding in Eq.(38) we find for ν < 1
5The case of ν integer is analogous. The only difference is that there arise additional logarithmic
terms which must be taken into account (see, for example, [15]).
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β˜(kǫ) = −22ν−1∆2
−
Γ(ν)
Γ(1− ν) (kǫ)
−2ν + · · · , (46)
whereas for ν > 1 we get
β˜(kǫ) = −2(ν − 1)∆2
−
(kǫ)−2 + · · · . (47)
In the equations above, the dots stand for higher order terms in ǫ. As anticipated
we find that, in the particular situation where irregular modes are also allowed to
propagate in the bulk, the couplings β and β˜ have different asymptotic behaviors,
and the last one, which corresponds to the operator of conformal dimension ∆+ [10],
diverges as we approach the boundary.
So far, we have considered the situation where β does not depend on the distance
to the boundary. As the next step, it is natural to analyze the case where β depends
on ǫ, and β˜ does not. In order to do this, we consider, instead of Eq.(37), the following
starting point
β˜(kǫ) = −2λ , (48)
where, as before, λ is a real coefficient. From Eq.(36) we get
β(kǫ) = − 2λ
F (kǫ)
1
F (kǫ) + 2λ
. (49)
From the equation above, we write the functionals Eqs.(28, 35) as
I [fǫ] = −1
2
∫
ddx ddy
√
h fǫ(~x) fǫ(~y)
∫ ddk
(2π)d
e−i
~k·(~x−~y) [F (kǫ) + 2λ] , (50)
I˜
[
f˜ǫ
]
=
1
2
∫
ddx ddy
√
h f˜ǫ(~x) f˜ǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) 1
F (kǫ) + 2λ
. (51)
The functionals above have not been considered in [10]. However, by following an
analogous procedure, it can be verified that they correspond to consider a Dirichlet
boundary condition and add to the usual action Eq.(13) a boundary term of the form
I = I0 − λ
∫
ddx
√
h φ2ǫ . (52)
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The fact that the action above is stationary under a Dirichlet boundary condition can
be verified by noting that, under a transformation φ → φ + δφ, its variation is given
by the following surface term
δI =
∫
ddx
√
h (∂nφǫ − 2λφǫ) δφǫ , (53)
which vanishes for δφǫ = 0. Since we are still considering a Dirichlet boundary condi-
tion, it may seem that in this situation the double-trace perturbation causes no effect.
However, this is not the case, because the importance of the surface term in Eq.(52)
is that it allows for irregular modes to propagate in the bulk for particular values of
λ. This can be verified by making use of a formalism which is analogous to the one
developed in [10] for other possible boundary conditions. In particular, it can be seen
that for
λ = −∆−
2
, (54)
the canonical energy is conserved, positive and finite for both regular and irregular
modes propagating in the bulk, provided that the constraint Eq.(44) is satisfied as well.6
We emphasize that, when both constraints Eqs.(44, 54) are satisfied, the Legendre
transform interpolates between different conformal dimensions ∆+ and ∆−, due to the
cancellation of the divergent local terms of the functionals Eqs.(50, 51). This statement
can be verified by following a procedure analogous to the one in [10]. When Eq.(54) is
satisfied, but Eq.(44) is not, the conformal dimension ∆− reaches the unitarity bound
(d− 2)/2.
Now we analyze the existing relation between the values and asymptotic behaviors
of β and β˜ and the phenomenon of the propagation of irregular modes. We have seen
that in the previously analyzed mixed boundary condition the coupling β˜ diverges
when the critical value Eq.(43) is reached. Since in the current Dirichlet situation the
conformal dimension ∆− corresponds to the conformal operator O˜, rather than to O,7
6Since this particular case has not been analyzed in [10], we summarize here the main results.
Making use of global coordinates (τ, ρ, ~Ω) defined as in [10] (recall here that τ is the time coordinate,
ρ is the radial coordinate and ~Ω are the angular coordinates) we find from the action Eq.(52) that the
canonical energy is of the form E = − ∫ ddx √g [Θττ + λ∇µ(nµφ2)], where the integration is carried
out over the spatial coordinates, and Θµν = ∂µφ ∂νφ − 12 gµν
[
gαβ∂αφ ∂βφ +m
2φ2
]
. It can be
verified that, for regular modes propagating in the bulk, the canonical energy is conserved, positive
and finite for any values of λ and ν, whereas for irregular modes propagating in the bulk the canonical
energy is conserved, positive and finite only when the constraints Eqs.(44, 54) are satisfied.
7This result can be found by computing the boundary CFT’s through the prescription Eqs.(8, 10)
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then in this situation we expect that it will be β, rather than β˜, the coupling which
diverges as we approach the critical value Eq.(54). We now verify this statement.
Again, we concentrate on the case of ν not integer. Let us first consider the situation
when Eq.(54) is not satisfied. Expanding in ǫ in Eq.(49) we find
β(kǫ) = − 2λ
∆−(∆− + 2λ)
+ · · · , (55)
where the dots stand for higher order terms in ǫ. We note from Eq.(48) that, as in the
previous mixed case, β and β˜ have the same asymptotic behavior when only regular
modes propagate in the bulk. Note also that, as expected, β diverges as we approach
the critical value Eq.(54) for which irregular modes are allowed to propagate as well.
Now we analyze the case when the constraint Eq.(54) is satisfied. The calculations
are analogous to the ones performed in the previous mixed case, and the results are as
follows. For ν < 1 we get
β(kǫ) = 22ν
λ
∆−
Γ(ν)
Γ(1− ν) (kǫ)
−2ν + · · · , (56)
whereas for ν > 1 we find
β(kǫ) = 4(ν − 1) λ
∆−
(kǫ)−2 + · · · . (57)
Then, as in the previous mixed case, in the situation when the irregular modes are also
allowed to propagate the couplings have different asymptotic behaviors, as noticed by
comparing Eqs.(56, 57) to Eq.(48). We also note that in this case the coupling β, which
corresponds to the conformal operator of dimension ∆+, diverges as we approach the
boundary.
So far, we have considered the situations in which one of the couplings does not
depend on ǫ. Since the consistency relation Eq.(36) makes it impossible to consider
a case where both couplings are simultaneously independent of the distance to the
boundary, there is only one case left to be considered, namely, the situation in which
both couplings depend on ǫ. In order to analyze this case, we set
β(kǫ) = −1 + F (kǫ) [F (kǫ)− 2λ]
F (kǫ)
, (58)
and from Eq.(36) we also find
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β˜(kǫ) =
1 + F (kǫ) [F (kǫ)− 2λ]
F (kǫ)− 2λ . (59)
The reason why we choose the particular expressions above will be clarified later.
Introducing Eq.(58) into Eqs.(28, 35) we get
I [fǫ] =
1
2
∫
ddx ddy
√
h fǫ(~x) fǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) 1
F (kǫ)− 2λ , (60)
I˜
[
f˜ǫ
]
= −1
2
∫
ddx ddy
√
h f˜ǫ(~x) f˜ǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) [F (kǫ)− 2λ] . (61)
The key result is that, as it can be verified, the functionals above correspond to add
to the action Eq.(13) the following surface terms
I = I0 − λ
∫
ddx
√
h φ2ǫ −
∫
ddx
√
h φǫ ∂nφǫ , (62)
which give rise to an action which is stationary under a boundary condition which fixes
at the border the field 8
∂nφ+ 2λφ . (63)
This means that the double-trace perturbation Eq.(58) turns the usual Dirichlet bound-
ary condition into a mixed one which is different from the previously analyzed mixed
boundary condition (see Eq.(41)). This clarifies the reason why we chose the spe-
cific coupling Eq.(58). Different choices may not make sense in terms of a problem of
boundary conditions on the scalar field. Note that, in the particular case λ = 0, this
new mixed boundary condition reduces to a Neumann one. Even when this boundary
condition has not been analyzed in [10], the procedure is analogous, and it can be
verified that in this situation the irregular modes are allowed to propagate in the bulk
as well as the regular ones only when the following constraint 9
8Note that, under a transformation φ→ φ+ δφ, the variation of the action Eq.(62) is given by the
surface term δI = − ∫ ddx √h φǫ δ(∂nφǫ + 2λφǫ) which vanishes under a boundary condition which
fixes at the border the field Eq.(63).
9Since this particular case has not been analyzed in [10], we give here the main re-
sults. The canonical energy corresponding to the action Eq.(62) is given by E =
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λ =
∆−
2
, (64)
is satisfied together with Eq.(44). It can be shown that in this situation the divergent
local terms of the functionals Eqs.(60, 61) cancel out and, correspondingly, the Legendre
transform interpolates between different conformal dimensions, namely ∆+ and ∆−.
When Eq.(64) is satisfied, but Eq.(44) is not, the conformal dimension ∆− reaches the
unitarity bound (d− 2)/2.
Regarding the relation between the values and asymptotic behaviors of β and β˜ and
the phenomenon of the propagation of irregular modes, we expect to find results which
are analogous to the ones found in the previous cases. In particular, we expect that
in this situation the coupling β˜, which is the one that corresponds to the conformal
operator of dimension ∆+,
10 should diverge as we approach the critical value Eq.(64).
Now we verify this statement for the case of ν not integer. Since calculations are
analogous to the ones performed in the previous cases, we just present the main results.
Let us first consider that Eq.(64) is not satisfied. Then, expanding in Eqs.(58, 59) we
find
β(kǫ) = − 1
∆−
[1 + ∆−(∆− − 2λ)] + · · · , (65)
β˜(kǫ) =
1
∆− − 2λ [1 + ∆−(∆− − 2λ)] + · · · , (66)
where, as in the previous cases, the dots stand for higher order terms in ǫ. As antici-
pated, we note that β and β˜ have the same asymptotic behavior, and that β˜ diverges
as we approach the critical value Eq.(64).
Finally, we consider the situation in which the constraint Eq.(64) is satisfied. For
ν < 1 we find
β(kǫ) = − 1
∆−
+ · · · , (67)
− ∫ ddx √g [Θττ + λ∇µ(nµφ2) + 12 (∇2φ2 − ∂τ∂τφ2)], where we consider global coordinates (τ, ρ, ~Ω)
defined as in [10], the integration is carried out over the spatial coordinates, and Θµν = ∂µφ ∂νφ −
1
2 gµν
[
gαβ∂αφ ∂βφ +m
2φ2
]
. It can be shown that the canonical energy is conserved, positive and
finite for irregular modes propagating in the bulk only when both constraints Eqs.(44, 64) are satisfied.
10This result can be found by computing the boundary CFT’s through the prescription Eqs.(8, 10)
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β˜(kǫ) = −22ν−1 Γ(ν)
Γ(1− ν) (kǫ)
−2ν + · · · , (68)
whereas for ν > 1 we get
β(kǫ) = − 1
∆−
+ · · · , (69)
β˜(kǫ) = −2(ν − 1)(kǫ)−2 + · · · . (70)
Then, as expected, the couplings have different asymptotic behaviors, and β˜ diverges
as we approach the boundary.
3.2 The Non-Minimally Coupled Case
In the previous sub-section, we have shown, for the particular minimally coupled case,
that the perturbation of the conformal field theory by a double-trace operator can be
understood as the introduction of a generalized boundary condition on the scalar field.
Now we consider the more general situation of a non-minimally coupled scalar field.
In this case, we have a non-vanishing coupling coefficient ̺ in Eq.(7). But, as pointed
out in [10], the effect of the non-minimal coupling does not limit itself to a redefinition
of the effective mass of the theory. In this subsection we will show, in particular, that
the introduction of a double-trace perturbation at the boundary generates the natural
extension of the Gibbons-Hawking surface term [16], which is added to the Einstein-
Hilbert action in order to have a well-defined variational principle under variations
of the metric. As in the minimally coupled case, we will consider different boundary
conditions on the scalar field and perform a detailed analysis of each one of them.
We begin by considering the simplest case where the coupling β˜ does not depend
on the distance to the boundary
β˜(kǫ) = 2̺d , (71)
where ̺ has been introduced in Eq.(7). Recall here that, throughout this section, we
will consider ν =
√
d2
4
+ m2 + ̺R. From Eq.(36) we also find
β(kǫ) =
2̺d
F (kǫ)
1
F (kǫ)− 2̺d . (72)
Introducing the equation above into Eqs.(28, 35) we get
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I [fǫ] = −1
2
∫
ddx ddy
√
h fǫ(~x) fǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) [F (kǫ)− 2̺d] , (73)
I˜
[
f˜ǫ
]
=
1
2
∫
ddx ddy
√
h f˜ǫ(~x) f˜ǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) 1
F (kǫ)− 2̺d . (74)
The functionals above are precisely the same as the ones found in [10] when considering,
in the non-minimally coupled case, a Dirichlet boundary condition which fixes the field
φ at the border. We note from [10] that the functionals above correspond to add to
the usual action Eq.(13) a boundary term of the form
I = I0 − ̺
∫
ddx
√
h Kǫ φ2ǫ , (75)
where K is the trace of the extrinsic curvature at the boundary. The above surface
term is just the natural extension of the usual Gibbons-Hawking term [16]. The impor-
tance of this surface term is that, even when we are considering a Dirichlet boundary
condition, it lets irregular modes to propagate in the bulk for particular values of ̺
[10]. We have just shown that such surface term can be generated by perturbing the
conformal field theory with a double-trace operator. Note that in the particular case
̺ = 0, corresponding to the minimally coupled case, we recover the usual Dirichlet
boundary condition. We also point out that for general ̺ both functionals Eqs.(73, 74)
give rise to the same conformal dimension ∆+, with one particular exception, namely,
the situation in which both constraints Eq.(44) and [10]
̺ =
d− 1
8d

1±
√
1 +
(
4m
d− 1
)2 , (76)
are satisfied.11 In this case, the divergent local terms of both functionals Eqs.(73, 74)
cancel out, making the addition of counterterms to be unnecessary, and the Legendre
transform interpolates between different conformal dimensions, namely ∆+ and ∆−.
11It is interesting to note that, in the particular casem = 0, one of the solutions in Eq.(76) vanishes,
whereas the another one reduces to the conformal value for which the ‘improved’ stress-energy tensor
of the scalar field becomes traceless. This means that, in particular, Weyl-invariant theories in the
bulk allow for irregular modes to propagate as well, and give rise to functionals in which the divergent
local terms cancel out.
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From the bulk point of view, both regular and irregular modes can propagate, because
the canonical energy is conserved, positive and finite for both of them. When Eq.(76)
is satisfied but Eq.(44) is not, the conformal dimension ∆− reaches the unitarity bound
(d− 2)/2. For details, see [10].
Now we concentrate on the relation between the values and asymptotic behaviors of
β and β˜ and the phenomenon of the propagation of irregular modes in the bulk. Note
that, in this case, the conformal dimension ∆− corresponds to the conformal operator
O˜ [10], and we expect β to diverge as we approach any of the critical values Eq.(76).
We begin by considering the situation in which Eq.(76) is not satisfied. Expanding for
ν not integer in Eq.(72) we find
β(kǫ) =
2̺d
∆−(∆− − 2̺d) + · · · , (77)
where the dots stand for higher order terms in ǫ. From Eqs.(71, 77) we find that β and
β˜ have the same asymptotic behavior, as expected. Also as expected, we note from the
equation above that β diverges as we approach any of the critical values Eq.(76).12
We still need to consider the case when Eq.(76) is satisfied. This is done as in the
previous cases. For ν < 1 we get
β(kǫ) = −22ν ̺d
∆−
Γ(ν)
Γ(1− ν) (kǫ)
−2ν + · · · , (78)
whereas for ν > 1 we find
β(kǫ) = −4(ν − 1) ̺d
∆−
(kǫ)−2 + · · · . (79)
As expected, if irregular modes are also allowed to propagate, then the couplings have
different asymptotic behaviors, as noticed from Eqs.(71, 78, 79). In this situation, β
diverges as we approach the boundary.
Finally, we consider a situation in which both couplings β and β˜ depend on the
distance to the boundary. This is done by setting
β(kǫ) = −1 + F (kǫ) [F (kǫ) + 2̺d]
F (kǫ)
. (80)
From Eq.(36) we also get
12Recall here that ∆
−
depends on ̺.
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β˜(kǫ) =
1 + F (kǫ) [F (kǫ) + 2̺d]
F (kǫ) + 2̺d
. (81)
Introducing Eq.(80) into Eqs.(28, 35) we find
I [fǫ] =
1
2
∫
ddx ddy
√
h fǫ(~x) fǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) 1
F (kǫ) + 2̺d
, (82)
I˜
[
f˜ǫ
]
= −1
2
∫
ddx ddy
√
h f˜ǫ(~x) f˜ǫ(~y)
∫
ddk
(2π)d
e−i
~k·(~x−~y) [F (kǫ) + 2̺d] . (83)
The key result is that the functionals above are precisely the same as the ones considered
in [10] when analyzing a boundary condition which fixes at the boundary the field
∂nφ+ 2̺Kφ . (84)
This means that, for the particular choice Eq.(80), the double-trace perturbation acts
by turning the Dirichlet boundary condition into a mixed one, which is different from
the ones considered in the minimally coupled case (see Eqs.(41, 63)).13 It is also
interesting to note from Eq.(84) that, in the particular minimally coupled case (̺ = 0),
this mixed boundary condition reduces to a Neumann one. We also point out that
setting this mixed boundary condition is equivalent to add to the usual action Eq.(13)
the following boundary terms [10]
I = I0 − ̺
∫
ddx
√
h Kǫ φ2ǫ −
∫
ddx
√
h φǫ ∂nφǫ , (85)
where the first surface term is the same that arises in the Dirichlet situation Eq.(75),
whereas the second surface term is new. We emphasize that the new surface term does
not spoil the property of having a well-defined variational principle under variations
of the metric. We also point out that for general ̺ both functionals Eqs.(82, 83) give
rise to the same conformal dimension ∆+, with one particular exception, namely the
situation in which both constraints Eq.(44) and [10]
̺ = −3d+ 1
8d

1∓
√
1 +
(
4m
3d+ 1
)2 , (86)
13In [10], this particular boundary condition was called as ‘Type I’ mixed boundary condition.
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are satisfied. In analogy to the former cases, in this situation the divergent local terms
of the functionals Eqs.(82, 83) cancel out, and this fact encodes the information that
the Legendre transform interpolates between different conformal dimensions ∆+ and
∆−. In this case there is no need to add any counterterms. From the bulk point of
view, both regular and irregular modes are allowed to propagate, because the canonical
energy is conserved, positive and finite for both of them. In addition, when Eq.(86) is
satisfied but Eq.(44) is not, the conformal dimension ∆− reaches the unitarity bound
(d− 2)/2 and becomes independent of the effective mass. For details, see [10].
We still need to analyze the relation between the values and asymptotic behaviors of
β and β˜ and the phenomenon of the propagation of irregular modes. In this particular
case, we expect β˜ to diverge as we approach any of the critical values Eq.(86). This
is due to the fact that β˜ corresponds to the conformal operator of dimension ∆+ [10].
Let us first consider the situation where Eq.(86) is not satisfied. Expanding in Eqs.(80,
81) we get
β(kǫ) = − 1
∆−
[1 + ∆−(∆− + 2̺d)] + · · · , (87)
β˜(kǫ) =
1
∆− + 2̺d
[1 + ∆−(∆− + 2̺d)] + · · · . (88)
As expected, β and β˜ have the same asymptotic behavior, and β˜ diverges as we ap-
proach any of the critical values Eq.(86).14
Finally, we consider the situation in which Eq.(86) is satisfied. For ν < 1 we get
β(kǫ) = − 1
∆−
+ · · · , (89)
β˜(kǫ) = −22ν−1 Γ(ν)
Γ(1− ν) (kǫ)
−2ν + · · · , (90)
whereas for ν > 1 we have
β(kǫ) = − 1
∆−
+ · · · , (91)
β˜(kǫ) = −2(ν − 1)(kǫ)−2 + · · · . (92)
14Recall here that ∆
−
depends on ̺.
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As expected, β and β˜ have different asymptotic behaviors, and β˜ diverges as we ap-
proach the boundary.
4 Conclusions
In this work, we have introduced a generalized AdS/CFT prescription, which is sug-
gested by results in [6][7][10], and can consistently incorporate double-trace perturba-
tions at the boundary CFT. This leads to a formalism in which we can perform explicit
calculations. We have analyzed both minimally and non-minimally coupled cases, and
obtained new results for both of them.
We have shown that consistency of the formalism imposes a precise relation between
the couplings β and β˜ (see Eq.(36)), and requires that at least one of them depends
on the distance to the boundary. We have considered many possible couplings, and
in all situations we have shown that, to introduce a double-trace perturbation at the
border, is equivalent to add a surface term to the usual action Eq.(13). This gives rise
to different kinds of Dirichlet, Neumann and mixed boundary conditions on the scalar
field. In all cases, we have performed the explicit calculation of β and β˜ and of the
corresponding surface terms. We have found that there exist particular values of β and
β˜ which allow for irregular modes to propagate as well. We have computed the explicit
expressions of such special couplings. We have shown that, as we get closer to the
situation in which irregular modes are allowed to propagate, the coupling corresponding
to the operator of conformal dimension ∆+ diverges. This result is consistent with the
statement in [6] that, as the coupling grows, the system approaches the condition that
is suitable for quantization to get a field of dimension ∆−. In addition, we have shown
that, when the constraints for which irregular modes propagate are satisfied, β and β˜
have different asymptotic behaviors, and the coupling corresponding to the operator of
conformal dimension ∆+ diverges as we approach the boundary.
We have also shown that there exist particular values of β and β˜ which require the
introduction of new boundary conditions which have not been considered in [10]. We
have included these new boundary conditions in our analysis.
In the particular non-minimally coupled case, we have also shown that the intro-
duction of a double-trace perturbation at the boundary generates the natural extension
of the Gibbons-Hawking surface term.
In general, we have shown that the introduction of double-trace perturbations can
be understood in terms of the formulation in [10]. In particular, this enables us to relate
the double-trace perturbations to the quantization which makes use of the canonical
24
energy instead of the metrical one. Such quantization appears to be the natural one
to be considered in the AdS/CFT context.
Throughout this article, we have only considered the simplest non-trivial case of
multi-trace perturbations, namely, that of double-trace ones. It would be interesting
to extend this formalism to the case of higher power trace perturbations. It should be
noted that in such case non-linear boundary conditions would arise which would require
to consider a perturbative approach. More complex calculations would be involved
to first extend the formulation in [10] and then to employ it to describe the more
complicated multi-trace perturbations. We also would like to be able to reproduce the
constraints for which irregular modes propagate in the bulk and the couplings diverge
by performing calculations exclusively on the boundary CFT side. It also would be
interesting to understand the meaning of the generalized boundary conditions in the
string theory context. This requires a more detailed study.
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